A KKM space is an abstract convex space satisfying the KKM principle. We obtain variants of the KKM principle for KKM spaces related to weakly KKM maps and indicate some applications of them. These results properly generalize the corresponding ones in G-convex spaces and φ A -spaces X, D; {φ
Introduction
Since the appearance of generalized convex simply, G-convex spaces in 1993 1 , the concept has been challenged by several authors who aimed to obtain more general concepts. In fact, a number of modifications or imitations of the concept have followed, for example, L-spaces due to Ben-El-Mechaiekh et al. 2 , spaces having property H due to Huang 3 , FC-spaces due to Ding 4, 5 , and others. It is known that all of such examples belong to the class of φ A -spaces and are particular forms of G-convex spaces; see 6 . Some authors also tried to generalize the Knaster-Kuratowski-Mazurkiewicz theorem simply, the KKM principle 7 for their own setting. They introduced various types of generalized KKM maps and obtained modifications of known results. Recently, we proposed new concepts of abstract convex spaces and KKM spaces 8-11 which are proper generalizations of G-convex spaces.
In 1991, Liu 12 obtained a form of the KKM principle and applied it to SupInfSup inequalities of von Neumann type and of Ky Fan type. Motivated by this work, Balaj 13 introduced the concept of weakly G-KKM mappings for G-convex spaces and obtained related results on intersections and the Fan type or the Sion type minimax inequalities. Moreover, based on the misconception that FC-spaces generalize G-convex spaces, Tang et al. 14 introduced the so-called W-G-F-KKM mapping and claimed to obtain similar results for the so-called FCspaces.
In the present paper, our aim is to show that such basic results for weakly KKM maps on G-convex spaces can be extended on the more general KKM spaces 6, 10, 11 , a particular type of abstract convex spaces satisfying the general KKM principle. These results properly generalize the corresponding ones in G-convex spaces and φ A -spaces X, D; {φ A } A∈ D . We note that some applications of them in 12-14 can also be generalized to KKM spaces. Consequently, most results in 12-14 can be properly generalized and unified.
Abstract convex spaces
In this section, we follow mainly 6, 8, 9, 15 . Let D denote the set of all nonempty finite subsets of a set D. 
co is reserved for the convex hull in vector spaces .
When D ⊂ E, the space is denoted by E ⊃ D; Γ . In such case, a subset X of E is said to be Γ-convex if, for any A ∈ X ∩ D , one has Γ A ⊂ X. In case E D, let E; Γ : E, E; Γ . Example 2.2. In 6, 16 , we gave plenty of examples of abstract convex spaces. Here we give only two of them as follows.
1 Usually, a convexity space E, C in the classical sense consists of a nonempty set E and a family C of subsets of E such that E itself is an element of C and C is closed under arbitrary intersection. For details, see 17 , where the bibliography lists 283 papers. For any subset X ⊂ E, its C-convex hull is defined and denoted by Co C X : {Y ∈ C | X ⊂ Y }. We say that X is Cconvex if X Co C X. Now we can consider the map Γ : E E given by Γ A : Co C A. Then E, C becomes our abstract convex space E; Γ .
2 A generalized convex space or a G-convex space E, D; Γ consists of a topological space E, a nonempty set D, and a multimap Γ : D E such that for each A ∈ D with the cardinality |A| n 1, there exists a continuous function φ A :
Here, Δ n is a standard n-simplex with vertices {e i } n i 0 , and Δ J the face of Δ n corresponding to J ∈ A ; that is, if A {a 0 , a 1 , . . . , a n } and J 
Proof. This can be done in two ways.
for each A ∈ D with |A| n 1. Note that, by 1 , this family is not empty. Then, for each α and each A ∈ D with |A| n 1, we have
Therefore, G-convex spaces and φ A -spaces are essentially the same. 
Similarly, when Z is a topological space, a RC-map is defined for closed-valued maps G, and a RO-map for open-valued maps G. Note that if Z is discrete, then three classes K, RC, and RO are identical. Some authors use the notation KKM E, Z instead of RC E, Z .
Example 2.9. The above terminology unifies various concepts in other author's usage as follows.
1 Every abstract convex space in our sense has a map F ∈ K E, Z for any nonempty set Z. In fact, for each x ∈ E, choose F x : Z or F x : {z 0 } for some z 0 ∈ Z.
If E and Z have any topology, this holds for RC or RO for any continuous f. 2.8
A generalized F-KKM map in the above sense can be made into a KKM map on a Gconvex space X ⊃ Y ; Γ where Γ A : S A and φ A : ϕ A as above.
The KKM spaces
We introduced the following in 6 .
Definition 3.1. For an abstract convex topological space E, D; Γ , the KKM principle is the statement 1 E ∈ RC E, E ∩ RO E, E .
A KKM space is an abstract convex topological space satisfying the KKM principle.
In our recent work 9 , we studied elements or foundations of the KKM theory on abstract convex spaces and noticed that many important results therein are related to KKM spaces. Moreover, in 10, 11 , a fundamental theory and its applications on KKM spaces are extensively investigated. 
Then G has closed resp., open values. Suppose, on the contrary to the conclusion, that for any N ∈ D , we have
Γ is a KKM space, there exists a y ∈ z∈M G z z∈M X \ S z . Hence, y / ∈ S z for all z ∈ M. This violates condition 2 . Note also that our proof of Theorem 3.3 is much more simple than that of 14, Theorem 3.2 . 
Corollary 3.4. Let E, D; Γ be a KKM space, A ∈ D , {M z | z ∈ A} an open or closed cover of E. Then there exists a nonempty subset
B of A such that Γ B ∩ {M z | z ∈ B} / ∅.
Weakly KKM maps
Then there exists an
Proof. Suppose that the conclusion does not hold. Then for each x ∈ X, there exists a
Since X is compact, there is an A ∈ D such that {M z | z ∈ A} is an open cover of X. Then, by Corollary 3.4, there exist a subset B of A and a point
Since G is weakly KKM with respect to F and x 0 ∈ Γ B , we have
∅. This is a contradiction. ii for each z ∈ D, the set {x ∈ X | T x ∩ S z / ∅} is closed.
Then there exists an
The following is an immediate consequence of Corollary 4.4. 
Then for each
Proof. Let A ∈ D . Then it is easily checked that the subspace X, A; Γ| A is also a KKM space. Now the conclusion follows from the same argument in the proof of Theorem 4.3. Then for each A ∈ X there exists an As an example of applications of Theorem 4.3, we give the following. Note that Corollary 4.12 contains some known forms of the Fan type minimax inequalities; see 13 . 
Further remarks
Until now, in this paper, we showed that basic results in 12 for topological vector spaces, in 13 for G-convex spaces, and in 14 for FC-spaces, are all extended to KKM spaces. Therefore, most of their applications in each paper can be also generalized to KKM spaces. The readers can show this in case they are urgently needed. Finally, note that results in 14 are all particular to corresponding ones for G-convex spaces.
